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In this work we discuss a general approach for the dark energy thermodynamics considering a
varying equation of state (EoS) parameter of the type ω(a) = ω0 +F (a) and taking into account the
role of a non-zero chemical potential µ. We derive generalized expressions for the entropy density,
chemical potential and dark energy temperature T and use the positiveness of the entropy to impose
thermodynamic bounds on the EoS parameter ω(a). In particular, we find that a phantom-like
behavior ω(a) < −1 is allowed only when the chemical potential is a negative quantity (µ < 0).
PACS numbers: 98.80.-k, 95.36.+x, 95.30.Tg
I. INTRODUCTION
The discovery of the cosmic acceleration is certainly
one of the most important cosmological results of the
last decades. It implies that either the Universe is cur-
rently dominated by an exotic dark energy component
or that the Einstein’s general theory of relativity breaks
down at very large scales [1]. The profound implica-
tions of this discovery have motivated observational ef-
forts to understand the mechanism behind the cosmic
acceleration, with a number of experiments that aim to
map the history of expansion and growth of structure
with percent-level precision being planned for the next
years. From the physical point of view, several funda-
mental questions on the origin and nature of the dark
energy still remain completely opened. Certainly among
these, the thermodynamical behavior of this component
plays an important role not only in constraining its time
evolution [2] but also in predicting the dynamical and
thermodynamical fate of the Universe [3].
The thermodynamic behavior of the dark energy con-
sidering a constant equation-of-state parameter (EoS) ω
with null chemical potential (µ = 0) was discussed in
[3]. The authors found that not only a phantom behav-
ior (ω < −1) is forbidden by the second law of ther-
modynamics but also that the temperature associated
to this component increases with the cosmic expansion
(see also [4]). Later on, several authors [5, 6] extended
these results considering a non-zero chemical potential
µ. They showed that for values of µ < 0, the EoS pa-
rameter may cross the so-called phantom divide line from
which the fluid acquires a phantom-like behavior. More
recently, we studied some thermodynamic aspects of a
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dark energy component described by a varying EoS pa-
rameter [2]. We found that the time-dependent term
behaves like a bulk viscosity in the temperature evolu-
tion law and placed some thermodynamic bounds on the
parameters ω0 and ωa from the second law of thermody-
namics and from the positiveness of the entropy – where
we have assumed the statistical microscopic concept of
entropy, i.e. S = kB lnW > 0.
In this paper, we develop a general treatment for the
dark energy thermodynamics considering (i) non-zero
chemical potential and (ii) a time-dependent EoS pa-
rameter. Without loss of generality, we parameterize the
function ω(a) as
ω(a) ≡ px
ρx
= w0 + F (a) (1)
with encompasses most of the relevant cases dis-
cussed in the literature, e.g., F (a) = ωa(1− a)[7, 8];
F (a) = −ωa ln a [9]; F (a) = ωa(1− a)/(1− 2a+ 2a2)
[10] (see also [11] for other parameterizations).
From this background, new evolution laws of some
physical quantities such as entropy density and chemical
potential are obtained and new constraints are imposed
to ω(a) through the positiveness of the entropy. There-
fore, considering this thermodynamic condition, we also
find that, although values µ < 0 are compatible with
phantom models without the need to consider negative
temperatures (as argued by [5, 6]), for µ ≥ 0 phan-
tom cosmology becomes physically meaningless. We also
show that most of the results discussed earlier in the lit-
erature are particular cases of the treatment discussed
here. Throughout this paper a subscript 0 stands for
present-day quantities and a dot denotes time derivative.
We use the speed of light as c = 1.
II. THERMODYNAMICS OF DARK ENERGY
Let us consider a flat, homogeneous and isotropic cos-
mological model described by the Friedmann-Robertson-
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2Walker (FRW) metric:
ds2 = dt2 − a2(t)(dr2 + r2dθ2 + r2sin2θdφ2), (2)
In this scenario, the dark energy component is consid-
ered as a relativistic perfect fluid, in which its equilib-
rium thermodynamic states are described by an energy
momentum tensor
T δν = ρxu
δuν − pxhδν , (3)
a particle current,
Nδ = nuδ , (4)
and an entropy current,
Sδ = suδ = nσuδ , (5)
where hδν ≡ gδν − uδuν is the usual projection tensor;
n is the particle number density; s and σ are the en-
tropy density and the specific entropy (per particle) re-
spectively [12]. The conservation of T δν and Nδ provides
the following relations
uνT
δν ;δ = ρ˙x + 3(ρx + px)
a˙
a
= 0 , (6)
Nδ;δ = n˙+ 3n
a˙
a
= 0 , (7)
where semi-colons mean covariant derivative. Integrating
the above expressions, it is straightforward to show for a
general ω(a) that
ρx = ρ0
(
a
a0
)−3
exp
[
−3
∫
ω(a)
a
da
]
, (8)
n = n0
(
a
a0
)−3
. (9)
In order to derive the evolution law of dark energy
temperature, first we consider that the physical quan-
tities px, ρx, n and σ are related to the temperature T
trough the Gibbs law: nTdσ = dρx− ρx+pxn dn. Assuming
that ρx = ρx(n, T ) and px = px(n, T ), it can be shown
that such evolution is given by [13–15]
T˙
T
=
(
∂p0
∂ρx
)
n
n˙
n
+
(
∂Π
∂ρx
)
n
n˙
n
, (10)
where the dark energy pressure is composed of a constant
term (p0) and by another time-dependent term (Π) as
follow
px ≡ p0 + Π = ω0ρx + F (a)ρx = ω(a)ρx . (11)
The above equations provide the relation
T = T0 exp
[
−3
∫
ω(a)
a
da
]
. (12)
It should be noted that the dark energy temperature is
always positive and growing in the course of the uni-
verse expansion regardless of the ω(a) value (because the
EoS parameter is a negative quantity). A likely physical
meaning for this behavior is that thermodynamic work
is being done on the system through an adiabatic ex-
pansion [3] (For a alternative thermodynamics approach
which the fluid takes temperature negative values see,
e.g., [4, 16]).
On the other hand, Eq. (6) can be rewritten as
ρ˙x + 3(ρx + p0)
a˙
a
= −3Π a˙
a
. (13)
This means that the varying part of the dark energy pres-
sure Π plays the role of an entropy source term and,
therefore, the ω(a)-fluid description assumed here mimics
a fluid with bulk viscosity. It suggests a more complete
form of entropy density evolution which is different from
the widely used expression [3, 5, 6]. Our starting point is
the well-known Euler relation: Ts = ρx + px−µn. From
equations (8), (12) and the comoving volume V ∝ a3, we
find
σ ≡ S
N
=
ρ0
T0
V0
N
[1 + ω(a)]− µ0
T0
, (14)
where we used the condition µ/T = µ0/T0 which will
be demonstrated below using the definition of Gibbs free
energy. Therefore, using the above relation and taking
the covariant derivative of Eq. (5) we obtain
Sα;α = s˙+ 3s
a˙
a
=
ρ0
T0
V0
V
ω˙(a) , (15)
or still
ds
da
+
3s
a
=
ρ0
T0
V0
V
ω′(a). (16)
whose solution is
s = a−3
(
s0 +
ρ0
T0
[ω(a)− ω0]
)
. (17)
Note that for a constant EoS parameter (ω(a)→ ω0) we
recovered the entropy relation derived in Refs. [3, 5, 6].
Another relevant physical quantity in thermodynamics
analysis is the chemical potential µ. A way to include it
in our treatment is using the Gibbs free energy [17]
G(T, p,N) ≡ U + pV − TS (18)
with
µ =
(
∂G
∂N
)
T,p
. (19)
Thus, using the equations (8), (9), (12) and (17) we find
that
G = N
[
ρ0
n0
(1 + ω0)− T0s0
n0
]
T
T0
, (20)
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FIG. 1. Representation of thermodynamic constraint [Eq. (24)] for the cases µ < 0, µ = 0 and µ > 0. The light gray bars
represent the values allowed for the parameters in order to satisfy the positiveness of the entropy. The black lines represent the
values that do not obey this latter condition (forbidden region) whereas the dashed line represents the cosmological constant
limit. Note that for µ < 0 the phantom-like regime is allowed, but for µ = 0 and µ > 0, it is forbidden.
and consequently
µ = µ0
(
T
T0
)
= µ0 exp
[
−3
∫
ω(a)
a
da
]
, (21)
where
µ0 ≡
[
ρ0
n0
(1 + ω0)− T0s0
n0
]
(22)
is the present-day value of the chemical potential. Note
that the temperature and chemical potential evolve in the
same way (less than a constant) regardless if the dark
energy EoS is constant or time-dependent. This is so
because for both treatment the condition µ/T = µ0/T0
is always kept [5, 6, 18].
III. THERMODYNAMIC CONSTRAINTS
The thermodynamics formalism developed in the pre-
vious section leads us to ask the following questions:
which constraints can be imposed to the EoS parameter
and the chemical potential in order to satisfy the posi-
tiveness of the entropy? Is the phantom-like behavior of
the dark energy fluid allowed? If so, for which parameter
interval?
Taking the above relations we write the total entropy
as
S =
(
ρ0[1 + ω(a)]− µ0n0
T0
)
V0 , (23)
whose positivity requires that
ω(a) ≥ ω(a)min = −1 + µ0n0
ρ0
. (24)
Note that in the limit ω(a)min → ωmin0 we recover the
results for constant EoS [5, 6]. Furthermore, we have a
limit for the time-dependent EoS parameter, below which
the entropy becomes negative (see, e.g, [16, 18–20] for
other thermodynamic analyses).
The minimal value ω(a)min depends explicitly on the
chemical potential. Therefore, firstly we consider µ =
µ0 = 0. In this case, we have ω(a)
min = −1 and a
phantom-like behavior of the dark energy fluid is for-
bidden. On the other hand, for µ > 0, the minimal
value does not reach the cosmological constant point
ω(a) = ω0 = −1 and again a phantom-like regime is for-
bidden. Finally, if the chemical potential is negative,
values of ω(a) < −1 are allowed. A graphical representa-
tion of these bounds is shown in Fig. 1. In particular, in
the limit ω(a) → ω0, the results obtained in Ref. [5, 6]
are readily recovered.
In Table I we present the constraints obtained through
positivity of entropy. Note that most of the results pre-
sented in the literature are particular cases of Eqs. (24).
4TABLE I. Thermodynamic constraints on ω(a). All particu-
lar cases are shown for the different values of the temperature
(T ), the chemical potential (µ) and of the function F (a).
Reference T µ F (a) ω(a)min
This work > 0 6= 0 6= 0 −1 + µ0n0
ρ0
[2] > 0 = 0 6= 0 −1
[18] < 0 6= 0 6= 0 −
[16] < 0 = 0 = 0 −
[5, 6] > 0 6= 0 = 0 −1 + µ0n0
ρ0
[4] < 0 = 0 = 0 −
[3] > 0 = 0 = 0 −1
For instance, for µ = µ0 = 0 we recovered the results
of [2] whereas if one assumes ω(a)→ ω0 we obtain the
results of [5, 6]; Finally, considering µ = µ0 = 0 and
ω(a)→ ω0 we recovered the results of [3]. Note also that
the results obtained by [4, 16, 18] assuming T < 0, can
also be mapped in the present investigation.
IV. CONCLUSIONS
We have discussed a general treatment for the dark
energy thermodynamics by considering a varying EoS
parameter and non-zero chemical potential. We have
derived general equations for the dark energy entropy
and chemical potential and imposed thermodynamic con-
straints for the ω-parameter in order to satisfy the pos-
itiveness of the entropy. These bounds are displayed in
Figure 1, where it is clear that, as the minimal value
ω(a)min depends explicitly upon the chemical potential,
only the case µ < 0 allows the phantom-like behavior
without considering negative temperature (as discussed
by [4, 18]). The treatment discussed here generalizes
most of the results investigated in the literature, as sum-
marized in Table I. Finally, we emphasize that this pro-
cedure can be extended to include non-minimal coupling
between dark matter and dark energy. This issue will be
addressed in a forthcoming communication.
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